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Abstract
LetG be a group acting on a treeX.We show that some classical results concerning ﬁnitely generated
subgroups of free groups, free products, and free-by-ﬁnite groups, remain valid if we replace ﬁnitely
generated subgroups by tame subgroups or by subgroups of ﬁnite complexity. We also prove new
results for tame subgroups and, more generally, for subgroups of ﬁnite complexity.
© 2005 Published by Elsevier B.V.
MSC: Primary: 20E06; 20E07; 20E08
1. Introduction
LetG be a group acting on a tree X. Given a subgroupH ofG, it is natural to ask if there is
an invariant ofH uniquely determined by the action ofH onX, independent of the cardinality
of any set of generators of H. Furthermore, the fact that in many cases (for example some
vertex groups contain inﬁnitely generated subgroups) the existence of inﬁnitely generated
subgroups of G is unavoidable, makes clear the need of ﬁnding such an invariant.
One step in this direction has been done for subgroups of free products with the introduc-
tion of the Kurosh rank (see [6,8] and [20] from which we have taken the term complexity).
More precisely, let G= ∗ni=1Gi be the free product of the Gi, i = 1, . . . , n and let H be a
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non-trivial subgroup of G. By the Kurosh subgroup theorem, H is a free product H =
F∗i∈IHi , where F is a free group and every Hi is the intersection of H with a conjugate of
a free factor Gi . Of course, every factor Hi is assumed to be non-trivial. In the case where
the rank r(F ) of F and the cardinality |I | of I (which may be empty) are ﬁnite, the Kurosh
rank of H is deﬁned to be the sum r(F )+ |I |.
In order to go further we recall some deﬁnitions about groups acting on simplicial trees
without inversions. For more details and for the Bass–Serre theory used in the paper, we
refer the reader to [2,9,23]. Let X be a G-tree, i.e. a simplicial tree on which the group G
acts without inversions. If x is a vertex or edge of X, we will denote byGx the stabilizer of
x. An element g of G is called elliptic if it has a ﬁxed point in X, and hyperbolic otherwise.
If G contains hyperbolic elements, then there is a unique minimal G-subtree of X.
Deﬁnition 1.1. A vertex v of X (or of X/G) is called degenerate if Gv = Ge for some
edge e incident to v. We say that a subgroup H of G is tame if either H ﬁxes a vertex, or H
contains a hyperbolic element and the quotient graph XH/H is ﬁnite, where XH denotes
the minimal subtree of X invariant under H. For a subgroup H of G containing hyperbolic
elements, the complexity CX(H) of H is deﬁned to be the sum |Vd(XH/H)| + r(XH/H),
where |Vd(XH/H)| is the number of non-degenerate vertices of XH/H (see Remark 2.1)
and r(XH/H) is the rank of the free group 1(XH/H, ∗). The complexity of a subgroup H
of G consisting of elliptic elements is deﬁned to be 0. Although the notions of complexity
and tameness are relative to the action of G on X, the subscript X is usually omitted in the
above notation.
There is another way of deﬁning tameness for subgroups of G containing hyperbolic
elements. Namely, let H be a subgroup of G containing hyperbolic elements and let x0 be a
vertex of X. Let XH,x0 be the convex hull of the orbit Hx0 (i.e. the union of the geodesics
from x0 to hx0 for all h inH). ThenXH,x0 is the smallestH-invariant subtree ofX containing
x0 and it is easy to see that H is tame if and only if the quotient graph XH,x0/H is ﬁnite.
In the case of free products, the complexity of a subgroup is exactly its Kurosh rank. It
is immediate from the deﬁnition that each tame subgroup of G has ﬁnite complexity. The
converse is not always true. For example, letG be the union of a strictly ascending sequence
G1 ⊂ G2 ⊂ · · · ⊂ Gn ⊂ · · · of groups Gi , i = 1, 2, . . . , and (G, Y ) the graph of groups
shown in the ﬁgure, where Gei =Gi and the injections Gei −→ Gei+1 are inclusions.
.  .  . .  .  .
G1 G2 G3 Gn Gn+1
e1 e2 en
Then G is the fundamental group of (G, Y ) and, acting on the corresponding tree, has
complexity 0 while G is not tame. On the other hand, if we restrict our attention to free
products with a normal subgroup amalgamated, then it is not hard to see that subgroups of
ﬁnite complexity are tame.
Note also that ﬁnitely generated subgroups are tame, andhence theyhaveﬁnite complexity
(see [9, Proposition I.4.13]). Another source for (not necessarily ﬁnitely generated) tame
subgroups are the ﬁxed subgroups of symmetric endomorphisms (see Proposition 5.5).
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In [7] Cohen introduced the notion of a “reversing” orbit for a group action on a tree,
which provides a nice criterion for tameness. More precisely, ﬁx a base-vertex x0 in aG-tree
X and orient X away x0, such that an edge e is positive if and only if the geodesic from
the terminal vertex of e to x0 begins with e. A G-orbit of edges is called reversing if it
contains both positive and negative edges. Then, the action of G on X is tame if and only if
there are ﬁnitely many reversing G-orbits. The reversing orbits are exactly the orbits of the
edges translated by elements of G and therefore their number |R| is equal to the number of
edges |E(XG/G)| ofXG/G. Thus r(XG/G)= |R| − |V (XG/G)| + 1, where |V (XG/G)|
denotes the number of vertices of XG/G. This means that |R| can be used to give an upper
bound for the complexity C(G) of G. Further, C(G)= |R| + 1 if and only if the vertices of
XG/G are all non-degenerate.
In Section 2, we consider properties of subgroups of ﬁnite complexity. With some hy-
potheses on the edge groups, we show that:
• Tame, subnormal subgroups either are contained in edge groups or have ﬁnite index.
• The intersectionH∩K of two tame subgroupsH andK is itself tame.Moreover, ifH∩K
has ﬁnite index in both H and K, then H ∩K has ﬁnite index in 〈H ∪K〉, provided that
H ∪K contains hyperbolic elements.
In Section 3, we present an extension of the Schreier index formula for the rank of subgroups
of ﬁnite index in free groups, to the case of subgroups of ﬁnite index in amalgamated free
products. Themore unexpected application of our ideas is given in Section 4:All isomorphic
subgroups of ﬁnite index in a ﬁnitely presented group with inﬁnitely many ends have the
same index. In Section 5, we show that ﬁxed subgroups of symmetric endomorphisms of
fundamental groups of graphs of groups whose edge groups are all ﬁnite, are tame. Finally,
in Section 6, we consider chains of subgroups of ﬁnite complexity. The restriction of our
results to the special case of free groups, gives new geometric proofs of two well-known
theorems due to Takahasi [29].
2. Properties of subgroups of ﬁnite complexity
Webegin by recalling some basic notions and constructions of Bass–Serre theory. Further
details and proofs may be found in [9,23].
A graph Y consists of a set V (Y ) of vertices, a set E(Y ) of edges, a ﬁxed point free
involution e → e−1 of E(Y ) and a map  : E(Y ) −→ V (Y ) × V (Y ), (e) = (i(e), t (e))
satisfying i(e)= t (e−1). The vertices i(e) and t (e) (the initial and terminal vertices of the
edge e, respectively) are called the endpoints of e. An orientation ofY is a subset E+(Y ) of
E(Y ) such that E(Y ) is the disjoint union of E+(Y ) and E+(Y )−1.
A graph of groups (G, Y ) consists of a connected graph Y together with a function G
which assigns to each vertex v ofY a vertex groupGv and to each edge e ofY an edge group
Ge, with Ge =Ge−1 , and a monomorphism e : Ge −→ Gt(e).
Let (G, Y ) be a graph of groups and let T be a maximal subtree of Y. The fundamental
group 1(G, Y, T ) of (G, Y ) with respect to T is the group with presentation
〈Gv, v ∈ V (Y ), te, e ∈ E(Y ) | rel Gv, v ∈ V (Y ),
tee(g)t−1e = e−1(g), g ∈ Ge, e ∈ E(Y ), te = 1, e ∈ E(T )〉.
4 M. Sykiotis / Journal of Pure and Applied Algebra 200 (2005) 1–23
This is a generalization of amalgamated free products and HNN extensions. In general,
the fundamental group 1(G, Y, T ) of a graph of groups (G, Y ) is an HNN extension with
base 1(G|T , T , T ), which is an inductive limit of amalgamated free products, and stable
letters corresponding to the geometric edges of E(Y )\E(T ). The fundamental group of
a graph of groups is independent, up to isomorphism, of the choice of T. It can also be
deﬁned in another equivalent way using a vertex v0 of Y. It can be shown that the natural
map iv : Gv −→ 1(G, Y, T ) is an embedding for each vertex groupGv . Thus, identifying
Gv with its image under iv , we may assume that each vertex group Gv is a subgroup of
1(G, Y, T ).
Let G be a group acting without inversions (this means that ge = e−1 for all g ∈ G and
e ∈ E(X)) on a connected graph X, let Y =X/G be the quotient graph, and let  : X −→ Y
be the natural projection. Any such group action deﬁnes a graph of groups structure on
Y in the following way. Choose an orientation O = E+(Y ) of Y, a maximal tree T of Y,
and a graph map j : T −→ X such that j = idT . It is not difﬁcult to extend j to a map
(not a graph map) from Y to X satisfying j = idY , je−1 = (je)−1, and i(je) = j (ie)
for all e ∈ O. Since j t(e) = t (e) = tj (e) = tj (e), for each edge e ∈ O there is an
element ge of G such that gej t(e)= tj (e). In the case that e is an edge of T, we can choose
ge = 1. We also deﬁne ge−1 = g−1e . We now give a graph of groups structure on Y by
deﬁningGy= stab(jy) for any vertex or edge y ofY. The monomorphisme is induced by
conjugation by g−1e if e ∈ O\T and is the inclusion otherwise. Note thatGe = stab(je) ⊆
stab(tje) = gestab(j te)g−1e = geGteg−1e . The main result in the Bass–Serre theory says
that G is isomorphic to the fundamental group of the graph of groups constructed above,
when X is a tree.
Conversely, for each graph of groups (G, Y ) with fundamental group G there is a tree
X, called the corresponding universal tree, on which G acts such that the quotient X/G is
isomorphic to Y, and the stabilizer stab(x) of any vertex (or edge) of X is conjugate with
the image in G of a vertex (or edge) group. The set of vertices V (X) of X is the disjoint
union of all left cosets gGv , v ∈ V (Y ) and the set of “positive” edges E+(X) of X is the
disjoint union of all left cosets gae(Ge), e ∈ E+(Y ), where E+(Y ) is an orientation of Y.
We deﬁne i(ge(Ge))= gGi(e) and t (ge(Ge))= gteGt(e). The action of G on X is given
by left multiplication.
Remark 2.1. A vertex v of X is degenerate, with respect to an edge e with i(e)= v, if and
only if the corresponding monomorphism (e−1) : G(e) −→ G(v) is an isomorphism
and in this sense (v) is also called degenerate. Indeed, since j = idY , there are x, h ∈ G
such that j(v)=xv and j(e)=he. ThusG(v)=xGvx−1 andG(e)=hGeh−1. If e ∈ O,
then hv= i(he)= i(j(e)= j (i(e))= j(v)= xv and hence x−1h=gv ∈ Gv . Therefore
G(e)=xgvGeg−1v x−1 ⊆ xGvx−1=G(v). In the case e ∈ O, the monomorphism(e−1)
is the above inclusion. It follows that Gv = Ge if and only if the monomorphism (e−1)
is an isomorphism. Now if e−1 ∈ O, hv = t (he−1) = tj(e−1) = g(e−1)j(v). This
implies that h−1g(e−1)x = gv ∈ Gv . Therefore G(e) = g(e−1)xg−1v Gegvx−1g−1(e−1) ⊆
g(e−1)xGvx
−1g−1(e−1) = g(e−1)G(v)g−1(e−1). Thus we deduce again that Gv = Ge if and
only if the monomorphism (e−1) is an isomorphism.
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Fig. 1.
Let X be aG-tree. Throughout this paper, the stabilizer stab(x) of a vertex or edge x of X
will also be denoted byGx . If (G, Y ) is a graph of groups, we can identify each edge group
Ge with its image it (e)(e(Ge)) in the fundamental group, since the properties of the edge
groups required in the paper do not depend on monomorphisms.
The next proposition shows that the quotient graph XG/G is the “core” of X/G.
Proposition 2.2. Let G be a group acting on a tree X such that G contains a hyperbolic
element, and letXG be the unique minimal G-subtree of X. Then each component ofX/G−
XG/G is a tree which intersects XG/G in a single vertex, and whose vertices are all
degenerate.
Proof. Let C be a component ofX/G−XG/G. First we will show that C andXG/G have
only one vertex in common. Suppose, on the contrary, that v, u are two distinct vertices
in C ∩ XG/G of minimal distance in C. Let p and q be two geodesics from v to u in C
and XG/G, respectively. The minimality of dC(v, u) guarantees that p consists entirely
of edges contained in C which implies that p ◦ q−1 is a cyclically reduced closed path in
X/G. Let p˜ ◦ q−1 = e1 ◦ · · · ◦ en be a lift of p ◦ q−1 with respect to the natural projection
 : X −→ X/G. Since p ◦ q−1 is a cyclically reduced closed path, there is an element g of
G such that gi(e1)= t (en) and ge1 = e−1n . We conclude that g translates e1, which means
that g is a hyperbolic element whose axis contains e1. Thus XG/G contains an edge of p
and we have a contradiction.
In particular, the preceding argument shows that the component C does not contain
cyclically reduced closed paths, and therefore it is a tree.
It remains to show that the vertices of X − XG are all degenerate. Let v be a vertex of
X not contained in XG and let p be the geodesic from v to XG which achieves the distance
d(v,XG). We claim thatGv stabilizes e, where e is the ﬁrst edge in p. Indeed, suppose that
Ge is properly contained in Gv . Then, Gxe is properly contained in Gxv for each element
x of G. Since t (p) ∈ XG, there is a hyperbolic element h of G such that t (p) lies in its axis
Xh. Now if g ∈ Ghv −Ghe, we see that gh translates e (see Fig. 1), which contradicts the
choice of p. 
Remark 2.3. With the notation of the above proof, if t (p) is the common vertex ofXG/G
and C, then Gt(p) contains each vertex group of C and hence the fundamental group of C
is concentrated in t (p).
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In general, the complexity of a subgroup is invariant in the following sense:
Proposition 2.4. Let 1(G, Y ) and 1(G1, Y1) be two graphs of groups decompositions
of G whose edge (i.e. the images of the edge groups) and non-degenerate vertex groups
are conjugate in G, and let Y˜ and Y˜1 be the universal trees of Y and Y1, respectively. If
HG, 1(H, Y˜ /H) and 1(H1, Y˜1/H) are the graphs of groups decompositions which
H inherits from those of G, then the two sets of the non-degenerate vertices of Y˜ /H and
Y˜1/H can be put into one–one correspondence in such a way that corresponding groups
of vertices are conjugate; moreover r(Y˜ /H)= r(Y˜1/H). In particular, if the graphs Y˜ /H
and Y˜1/H are ﬁnite, the two decompositions of H have the same complexity.
Proof. Wemay assume that the vertices of Y˜ /H and Y˜1/H constitute sets of representatives
of V (Y˜ ) and V (Y˜1), respectively, under the action of H. Suppose that v is a non-degenerate
vertex of Y˜ /H with corresponding group Hv . Thus Hv is the stabilizer of the vertex v ∈ Y˜
under the action of H and so Hv = Gv ∩ H for the non-degenerate vertex v, under the
action of G. SinceY and Y1 have conjugate non-degenerate vertex groups, there is a unique
non-degenerate vertex u′ of Y˜1 withGv=Gu′ . It follows thatHv=Hu′ =huHuh−1u ,where
hu ∈ H with u′ = huu and u is a non-degenerate vertex of Y˜1/H . We can therefore set up a
one–one correspondence between the two sets of the non-degenerate vertices of Y˜ /H and
Y˜1/H such that corresponding vertex groups are conjugate in H.
Suppose now that v is a degenerate vertex of Y˜ (under the action of H). Then, Hv =He
for some edge e of Y˜ . Since the edge groups of Y and Y1 are conjugate, there is an edge e1
of Y˜1 such thatGe=Ge1 and henceHv=He=Ge ∩H =Ge1 ∩H =He1Hi(e1). Thus, in
the case where all vertices of Y˜ /H and Y˜1/H are degenerate, for each vertex v of Y˜ (resp.
Y˜1) there is a vertex u of Y˜1 (resp. Y˜ ) and h ∈ H such that HvhHuh−1.
In each case the groups Hv, v ∈ V (Y˜ ) and Hu, u ∈ V (Y˜1) generate the same normal
subgroup N of H and the quotient group H/N is isomorphic to the fundamental group of
each of the graphs Y˜ /H and Y˜1/H [9, Proposition I.4.4]. Hence r(Y˜ /H) = r(Y˜1/H). In
view of the preceding proposition, this ﬁnishes the proof. 
If G is a ﬁnitely generated group acting on a tree such that each element of G has a ﬁxed
point, then G has a ﬁxed point. The following lemma shows that under some hypotheses on
the edge groups the same is true for groups which are not necessarily ﬁnitely generated.
Lemma 2.5. Suppose that G acts on a tree X such that all edge stabilizers are ﬁnite of order
m for some positive integer m. If H is a subgroup of G consisting of elliptic elements,
then H stabilizes some vertex of X.
Proof. The assumption that each element of H stabilizes a vertex implies that the quotient
graph X/H is a ﬁltering tree in the language of [1] and either H stabilizes a vertex or there
exists an inﬁnite path p = e1 ◦ e2 ◦ · · · ◦ en ◦ · · · in X/H such that Hi(en) ⊆ Ht(en) for
each n and H =⋃n1Hi(en) [1, Proposition 3.7]. In the latter case, we see that Hi(en) is
contained in Hen for each n1. Since the orders of the edge stabilizers are bounded by m,
we conclude that there is no inﬁnite properly ascending sequence of vertex groups inX/H .
It follows that H stabilizes a vertex of X. 
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Remark 2.6. The lemma remains valid when G is an amalgamated free product (resp.
an HNN extension), acting on the corresponding tree, with amalgamated subgroup (resp.
associated subgroup) conjugatemaximal inG. Recall from [13] that a subgroupH of a group
G is called conjugate maximal inG if whenever gHg−1 ⊆ H , g ∈ G, we have gHg−1=H .
It is immediate from the deﬁnition that ifH is a ﬁnite, or a normal, or a malnormal subgroup
of G (that is, for each g ∈ G − H the intersection of H and gHg−1 is trivial), then H is
conjugate maximal in G. We also note that if H is a quasiconvex subgroup of a hyperbolic
group G, then H is conjugate maximal in G [17]. Lemma 2.5 is also true for acylindrical
actions, that is actions where there is a global bound on the diameters of ﬁxed point sets of
non-trivial elements of G.
Theorem 2.7. Let G = 1(G, Y ) be the fundamental group of a ﬁnite graph of groups
(G, Y ) with all edge groups ﬁnite. If N is a tame, subnormal subgroup of G, then either
N ⊆ xGex−1 for some x ∈ G and e ∈ E(Y ) or N has ﬁnite index in G.
Proof. Let X be the universal tree of (G, Y ). LetN=NkNk−1 · · ·N0=G be a normal
series from N to G.
First we consider the case where N stabilizes a vertex v of X. Let i ∈ {0, 1, . . . , k − 1}
be the largest index such that Ni contains an element g which does not stabilize v (such
an element there exists, since it is assumed that the splitting G = 1(G, Y ) is non-trivial).
Then Ni+1 stabilizes both of v and gv, being a normal subgroup of Ni , and hence Ni+1
stabilizes the geodesic from v to gv. This shows that there exists an element x ∈ G and an
edge e of Y such that N ⊆ Ni+1 ⊆ xGex−1.
Now, suppose thatN contains an element which is hyperbolic. In this caseXN =XNk−1=
· · ·=X, and thus the quotient graphX/Ni is ﬁnite for all i ∈ {0, . . . , k}. We will show that
N1 has ﬁnite index in G. It is easy to verify that the group G/N1 acts on graph X/N1 with
quotient graph isomorphic to X/G and that the stabilizer of [x]N1 ∈ X/N1 is N1Gx/N1 
Gx/N1 ∩Gx . In particular, if [x]N1 is any edge ofX/N1 its orbit under the action ofG/N1
is a ﬁnite set of [G/N1 : Gx/N1 ∩ Gx] elements. Since Gx/N1 ∩ Gx is a ﬁnite group, it
follows that G/N1 is ﬁnite as well. Repeating this argument for each pair (Ni,Ni+1), we
show that Ni+1 has ﬁnite index in Ni for all i ∈ {0, . . . , k − 1}. This implies that N has
ﬁnite index in G, as required. 
In the ﬁnitely generated case, Cohen [7] proved an analogous result which generalizes
Theorems 10 and 9 in [14,15], respectively (see also [4,5]).
The above argument can also be used to get proofs of similar results (including those
in [4,5]) for ﬁnitely generated normal subgroups of amalgamated free products and HNN
extensions with inﬁnite amalgamated subgroup and associated subgroup, respectively.
For simplicity let us restrict attention to normal subgroups of amalgamated free products.
For a polycyclic-by-ﬁnite group G, let h(G) denote its Hirsch length. Note that if H is a
subgroup of G, then h(H)= h(G) if and only if H is of ﬁnite index in G.
Lemma 2.8. LetG=A∗HB be an amalgamated free product with amalgamated subgroup
H polycyclic-by-ﬁnite. Suppose that G contains a tame, normal subgroup N which is not in
the union of the conjugates of A and B. Then the groups A/A∩N , B/B ∩N andG/N are
all polycyclic-by-ﬁnite and h(A/A ∩N)= h(B/B ∩N)= h(G/N)h(H).
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Proof. Let X be the universal tree corresponding to the given splitting of G. Since N is not
in the union of the conjugates of A and B, it contains hyperbolic elements acting on X. As
in the second part of the previous proof, the groupG/N acts on the ﬁnite graph X/N such
that the stabilizer of [x]N ∈ X/N is Gx/Gx ∩N . Hence the orbit of any [x]N ∈ X/N is a
ﬁnite set of [G/N : Gx/N ∩ Gx] elements. In particular, the indices [G/N : A/N ∩ A],
[G/N : B/N ∩ B] and [G/N : H/N ∩H ] are all ﬁnite. Since the class of polycyclic-by-
ﬁnite groups is closed under subgroups, homomorphic images, and extensions, we conclude
that the groupsG/N ,A/A∩N and B/B ∩N are all polycyclic-by-ﬁnite. Furthermore, we
have h(A/A∩N)=h(B/B ∩N)=h(G/N)=h(H/H ∩N)=h(H)−h(H ∩N)h(H).

Proposition 2.9. Let G = A∗HB where the amalgamated subgroup H is polycyclic-by-
ﬁnite and A contains no inﬁnite, ﬁnitely generated, normal subgroup of inﬁnite index. If
G contains an inﬁnite, ﬁnitely generated, normal subgroup N of inﬁnite index, then either
N ⊆ H (and hence N and H have ﬁnite index in A) or G/N is polycyclic-by-ﬁnite with
h(G/N)h(H), and H is of ﬁnite index in A.
Proof. Let X be the corresponding universal tree. There are two cases to consider. First
suppose that N consists of elliptic elements. Then N stabilizes a vertex v of X, since it is
ﬁnitely generated. Further, the normality of N implies that N stabilizes each vertex of X.
Hence N is contained in H.
Now suppose that N contains hyperbolic elements. By [7, Lemma 2] and the fact that any
subgroup of a polycyclic-by-ﬁnite group is ﬁnitely generated, N ∩A is a ﬁnitely generated
normal subgroup ofA. If the subgroupN∩A is inﬁnite, then it is of ﬁnite index inA because
of our assumption on A. By Lemma 2.8, the quotient G/N is also ﬁnite, which contradicts
our hypothesis that N is of inﬁnite index in G. It follows that the subgroup N ∩ A is ﬁnite
and hence h(A)=h(A/N∩A)h(H), again by Lemma 2.8. This means that h(A)=h(H).
Thus the subgroup H is of ﬁnite index in A, as required. 
Corollary 2.10. LetG=A∗HB where A is a ﬁnitely generated group with inﬁnitely many
ends, and H contains Z as a subgroup of ﬁnite index. If N is a ﬁnitely generated, normal
subgroup of G, then either N is ﬁnite or N has ﬁnite index in G.
Proof. Since H has 2 ends, it has inﬁnite index in A. By Theorem 2.7, A does not contain
inﬁnite, ﬁnitely generated, normal subgroup of inﬁnite index, and so the above proposition
applies. 
Corollary 2.11 (Grifﬁths [12]). Let 1(Sg) be the fundamental group of a closed ori-
entable surface Sg of genus g2. If N is a non-trivial, ﬁnitely generated, normal subgroup
of 1(Sg), then N has ﬁnite index in 1(Sg).
Proof. It is well-known that 1(Sg) is the amalgamated free product of a free group of
rank 2g − 2 and a free group of rank 2 over a cyclic subgroup. The result now follows by
Corolarry 2.10. 
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Similar results can be proved for HNN extensions.
Remark 2.12. Using the main result of [17] (which says that every inﬁnite quasiconvex
subgroup A of a hyperbolic group G, containing an inﬁnite normal subgroup in G, is of
ﬁnite index) and the previous arguments, we can easily prove that each non-trivial, tame,
normal subgroup of a surface group is of ﬁnite index.
In the sequel, we show how the arguments in the proof of Theorem 8.9 of [2] for the case
of free-by-ﬁnite groups can be applied to the general case.
Theorem 2.13. Let G = 1(G, Y ) be the fundamental group of a graph of groups (G, Y )
such that all edge groups are ﬁnite and let H and K be tame subgroups of G. Then:
(1) H ∩K is tame.
(2) ([11,24]) If H is not contained in a conjugate of some vertex group and H ∩ K has
ﬁnite index in both H and K, then H ∩K has ﬁnite index in〈H ∪K〉.
Proof. To prove (1), it sufﬁces to consider the case thatH ∩K contains hyperbolic elements
with respect to its action on X, where X is the universal tree of (G, Y ). Let XH∩K be the
minimal subtree of X invariant under H ∩K and let XH and XK be the minimal subtrees
of X invariant under H and K, respectively. Then XH∩K ⊆ XH ∩ XK . Consider the map
p : XH∩K/H ∩ K −→ (XH/H) × (XK/K) deﬁned by p([x]H∩K) = ([x]H , [x]K).
Let x be an edge of X. We claim that the ﬁber p−1([x]H , [x]K) is ﬁnite. To see this,
let [y]H∩K ∈ p−1([x]H , [x]K). Then y = hx = kx for some h ∈ H and k ∈ K . If
y = hx = kx = h1x = k1x, then h−11 h ∈ Hx and k−11 k ∈ Kx . This means that there is a
well-deﬁned map  : p−1([x]H , [x]K) −→ Hx\Gx/Kx sending an edge [y]H∩K to the
double cosetHxh−1kKx . It is easy to check that is injective. The assumption that all edge
groups Gx are ﬁnite and the injectivity of  imply that the ﬁber p−1([x]H , [x]K) is ﬁnite
for each edge x of X. Since the graphsXH/H andXK/K are ﬁnite and p has ﬁnite ﬁbers, it
follows that the connected graphXH∩K/H ∩K has only ﬁnitely many edges and therefore
it is ﬁnite. This proves (1).
(2) By Lemma 2.5, H contains hyperbolic elements, since we assumed it not to be con-
tained in a vertex stabilizer. This means that H ∩ K also contains hyperbolic elements,
being of ﬁnite index inH, and therefore so does K. Thus,XH =XH∩K =XK . Let us denote
this tree by X0. X0 is obviously invariant under 〈H ∪K〉. Now, if e is an edge of X0, then,
since H is tame, the orbit 〈H ∪ K〉 · e is partitioned into ﬁnitely many H-orbits. This is
equivalent to saying that the setH\〈H ∪K〉/〈H ∪K〉e of double cosets of 〈H ∪K〉modulo
(H, 〈H ∪K〉e) is ﬁnite. Since the edge stabilizers are all ﬁnite, it follows that H has ﬁnite
index in 〈H ∪K〉. As H ∩K has ﬁnite index in H, this completes the proof of (2). 
Recall that a group G is said to have the Howson property if the intersection of any two
ﬁnitely generated subgroups ofG is ﬁnitely generated. Recall also that the vertex groups of a
graph of groups decomposition of a ﬁnitely generated group are ﬁnitely generated provided
all edge groups are ﬁnitely generated [7, Lemma 2]. Since ﬁnitely generated subgroups are
tame, by Theorem 2.13(1), we deduce immediately:
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Corollary 2.14 (Cohen [7]). Let G be the fundamental group of a graph of groups. If each
vertex group has the Howson property and each edge group is ﬁnite, then G has the Howson
property.
3. The Schreier index formula for subgroups of amalgamated free products
In this section we prove results which generalize a classical result of Schreier known as
the Schreier index formula, which says that if G is a free group of ﬁnite rank and if H is a
subgroup of ﬁnite index in G, then rank(H)− 1= [G : H ](rank(G)− 1). We start with
the following lemma.
Lemma 3.1. Let H and K be subgroups of a group G. If H is of ﬁnite index in G, then
[G : H ] =
∑
g
[K : K ∩ g−1Hg],
where g runs over a set of (H,K)-double coset representatives.
Proof. We consider the action of K on the set H\G of right cosets of H in G, deﬁned by
Hg · k =Hgk. We note that the orbit of the coset Hg is the double coset HgK, and that its
stabilizer is K ∩ g−1Hg, from which the lemma follows. 
Proposition 3.2. Let G = ∗AGi, i = 1, . . . , n be the amalgamated free product of Gi’s
with amalgamated subgroup A, where each factor Gi is inﬁnite and A is ﬁnite. If H is a
subgroup of ﬁnite index in G, then H is tame and
C(H)− 1= |H\G/A|(n− 1).
Moreover, if H is torsion-free, then
C(H)− 1= [G : H ]|A| (n− 1).
Proof. Let (G, T ) be the tree of groups, shown in Fig. 2, with fundamental group G, and
let X be the corresponding tree on which G acts with quotient T. The set of vertices of X is
the disjoint union of the left cosets gGv, v ∈ V (T ), and the set of positive (or geometric)
edges of X is the disjoint union of the left cosets gGe, e ∈ E+(T ). Note also that the action
of G on X is by left multiplication. Thus,
V (X)=G/A
n∐
i=1
G/Gi, E+(X)=
n∐
i=1
G/A
and
V (X/H)=H\G/A
n∐
i=1
H\G/Gi, E+(X/H)=
n∐
i=1
H\G/A.
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Fig. 2.A tree of groups whose fundamental group is the amalgamated free product of the groupsG1, . . . ,Gn with
amalgamated subgroup A.
SinceH has ﬁnite index inG, we see that the sets V (X/H) andE+(X/H) are ﬁnite, and so
H is tame. For each i=1, . . . , n, let Ji denote a set of (H,Gi)-double coset representatives.
By Lemma 3.1,
[G : H ] =
∑
g∈Ji
[Gi : Gi ∩ g−1Hg].
The above formula implies that the stabilizer H ∩ gGig−1 of gGi under the action of H is
inﬁnite, being of ﬁnite index in gGig−1. In particular, all the vertices of X of the form gGi
for i = 1, . . . , n, are non-degenerate under the action of H. Thus,
C(H)− 1= r(X/H)+ |Vd(X/H)| − 1
= |E+(X/H)| − |V (X/H)| + 1+
n∑
i=1
|H\G/Gi | − 1
= n|H\G/A| − |H\G/A| −
n∑
i=1
|H\G/Gi | +
n∑
i=1
|H\G/Gi |
= |H\G/A|(n− 1).
In the case whereH is torsion-free, the intersection ofHwith every conjugate of A is trivial,
and so by Lemma 3.1, we get that [G : H ] = |H\G/A||A|. 
In the next proposition we consider torsion-free subgroups of ﬁnite index in amalgamated
free products when the factors are not all inﬁnite.
Proposition 3.3. LetG=∗AGi, i = 1, . . . , n+m, where each factorGi for i = 1, . . . , n
is inﬁnite, while each factor Gi for i = n + 1, . . . , n + m is ﬁnite. If H is a torsion-free
subgroup of G of ﬁnite index, then H is tame and
C(H)− 1= [G : H ]|A|
(
n− 1+
n+m∑
i=n+1
(
1− |A||Gi |
))
.
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Proof. Continuing the notation used in the above proof, we have
V (X)=G/A
n∐
i=1
G/Gi
n+m∐
i=n+1
G/Gi, E+(X)=
n+m∐
i=1
G/A
and
V (X/H)=H\G/A
n∐
i=1
H\G/Gi
n+m∐
i=n+1
H\G/Gi, E+(X/H)=
n+m∐
i=1
H\G/A .
As before, all the vertices of the form gGi for i = 1, . . . , n are non-degenerate under the
action of H. On the other hand, since H is torsion-free, all the vertices of the form gGi for
i = n+ 1, . . . , n+m are degenerate and [G : H ] = |H\G/Gi ||Gi |. Hence,
C(H)− 1= r(X/H)+ |Vd(X/H)| − 1
= |E+(X/H)| − |V (X/H)| + 1+
n∑
i=1
|H\G/Gi | − 1
= (n+m)|H\G/A| − |H\G/A| −
n+m∑
i=1
|H\G/Gi | +
n∑
i=1
|H\G/Gi |
= (n+m− 1) [G : H ]|A| −
n+m∑
i=n+1
[G : H ]
|Gi |
= [G : H ]|A|
(
n− 1+
n+m∑
i=n+1
(
1− |A||Gi |
))
. 
In the same way one can obtain formulas for the complexity of subgroups of ﬁnite index
in fundamental groups of graphs of groups in which edge groups are not necessarily ﬁnite.
The above results impose strong constraints on the subgroups of ﬁnite index in amalga-
mated free products.
Example 3.4. Let G=G1∗AG2, where G1 and G2 are ﬁnite groups. Suppose that H is a
torsion-free subgroup of G of ﬁnite index, let m. Then H is a free group, since it acts freely
on the corresponding universal tree, on
m
|A|
(
1− |A||G1| −
|A|
|G2|
)
+ 1
generators. In particular, if H is a torsion-free subgroup of SL2(Z) of ﬁnite index m, then
H is free on 1 + m12 generators. The ﬁrst assertion follows from Proposition 3.3, while the
second one from the well-known fact that SL2(Z) is isomorphic to Z4∗Z2Z6.
In [18], Nielsen proved that the commutator subgroup of a free product of n ﬁnite cyclic
groups of ordersm1, . . . , mn is a free group of rank 1+m1 · · ·mn
(
−1+∑ni=1(1− 1mi )).
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The next corollary, which follows immediately from Proposition 3.3, extends Nielsen’s
result.
Corollary 3.5. Let G = G1 ∗ · · · ∗ Gn+m be the free product of Gi’s, where each factor
Gi for i = 1, . . . , n is torsion-free, while each factor Gi for i = n + 1, . . . , n + m is
ﬁnite. If  : G −→ Gn+1 × · · · × Gn+m is the projection from G onto the direct product
Gn+1 × · · · × Gn+m, then the kernel ker  of  is a torsion-free subgroup of G of ﬁnite
index and
C(ker )− 1= |Gn+1| · · · |Gn+m|
(
n− 1+
n+m∑
i=n+1
(
1− 1|Gi |
))
.
Corollary 3.6. LetG=G1∗· · ·∗Gn+m be the free product ofGi’s,where each factorGi for
i=1, . . . , n is torsion-free, while each factorGi for i=n+1, . . . , n+m is ﬁnite. Suppose
that H is a subgroup of ﬁnite index in G which inherits the free product decomposition
H = H1 ∗ · · · ∗ Hk ∗ Hk+1 ∗ · · · ∗ Hk+ from G, where each factor Hi for i = 1, . . . , k is
torsion-free, while each factor Hi for i = k + 1, . . . , k +  is ﬁnite. Then,
C(H)− 1−
k+∑
i=k+1
1
|Hi | = [G : H ]
(
n+m− 1−
n+m∑
i=n+1
1
|Gi |
)
.
Proof. Let K be the kernel of the projection from H onto the direct product Hk+1 × · · · ×
Hk+. Then K has ﬁnite index in both H and G. The result follows by applying Proposition
3.3 twice and using the formula [G : K] = [G : H ][H : K]. 
Similar formulas for subgroups of ﬁnite index in free products have also been obtained
by Kulkarni [16].
4. The complexity volume of groups with inﬁnitely many ends
In [19], Reznikov deﬁned the deﬁciency volume of a ﬁnitely presented group, and proved
that any two isomorphic, ﬁnite-index subgroups of a group of deﬁciency 2 have the same
index. In this section, following the main idea of [19], we deﬁne the complexity volume of a
group with inﬁnitely many ends, and prove that any two isomorphic, ﬁnite-index subgroups
of a ﬁnitely presented group with inﬁnitely many ends have the same index. Note that there
are ﬁnitely presented groups with inﬁnitely many ends of deﬁciency 0.
Let  be a directed set and let C() denote the set of all coﬁnal subsets of . If (x)∈
is a net of real numbers which is bounded above, we deﬁne the upper limit lim∈ x of
(x)∈ to be the supremumof the setA={. ∈ R : (x	)	∈K → . for some K ∈ C()}.
Remark 4.1. Let K be a coﬁnal subset of . Since coﬁnality is a transitive relation, it is
clear from the deﬁnition that lim	∈K x	 lim∈ x.
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Lemma 4.2. Let (x)∈ be a net of real numbers which is bounded above. Given an
element 0 ∈ , let 0 = { ∈  : 0}. Then 0 is a coﬁnal subset of  and
lim∈0 x = lim∈ x.
Proof. The coﬁnality of 0 in  is immediate from the deﬁnition of 0 . To prove the
second assertion, it sufﬁces to show that the nets (x)∈ and (x)∈0 have the same limit
points. Suppose that . is a limit point of (x)∈, i.e., there is a coﬁnal subset K of  such
that the net (x	)	∈K converges to .. Let 	 ∈ K . Since is directed, there is an element  of
 such that 	 and 0. Since K is coﬁnal in , there is an element 	0 of K such that
	0. It follows that 	00, which means that 	0 ∈ 0 ∩K , and that 	0	. This shows
that 0 ∩ K is coﬁnal in K, and hence . is the limit of (x)∈0∩K . A similar argument
shows that 0 ∩K is also coﬁnal in 0 . We conclude that . is a limit point of (x)∈0 .
This proves that (x)∈ and (x)∈0 have the same limit points. 
If G is a group, then the set G of all subgroups of ﬁnite index in G, partially ordered
by reverse inclusion, is a directed set. Given a ﬁnitely presented group G, let Cmax(G)
denote the complexity of a splitting of G over ﬁnite groups, i.e., the complexity of a graph
of groups representation of G such that each edge group is ﬁnite, of maximal complex-
ity. The accessibility of ﬁnitely presented groups, proved by Dunwoody [10], insures that
Cmax(G)<∞. More precisely, letG be an accessible group and (G, Y ) a splitting ofG over
ﬁnite subgroups such thatY is a ﬁnite graph. If some vertex groupGv has at least two ends,
then, using a splitting of Gv over a ﬁnite group and the method described in the proof of
Lemma 7.1 of [22], we can produce a splitting (G1, Y1) of G over ﬁnite subgroups whose
complexity is greater than or equal to that of (G, Y ). Repeating this process, we obtain a
splitting (Gk, Yk) of G over ﬁnite subgroups such that each vertex group has at most one
end and its complexity is greater than or equal to that of (G, Y ). If v is a degenerate vertex
of Y such that the corresponding isomorphism is induced by an edge e incident to v which
is not a loop, then the contraction of e does not change complexity. Thus, we can suppose
that for every degenerate vertex ofY the corresponding isomorphism is induced by an edge
which is a loop (in [22], a splitting with this property is called minimal).
Nowsuppose that (G′, Y ′) is anotherminimal splitting ofGover ﬁnite subgroups such that
each vertex group has atmost one end.ThenY ′ is ﬁnite and |V (Yk)|+r(Yk)=|V (Y ′)|+r(Y ′)
(cf. [22, Lemma 7.6]). Let us denote this sum by s(G). It follows from the above discussion
that Cmax(G) is achieved by a minimal splitting of G over ﬁnite subgroups in which each
vertex group has at most one end, and that Cmax(G)s(G).
In the case where G is torsion-free, Cmax(G) is the complexity of a free product decom-
position of G with freely indecomposable factors.
Deﬁnition 4.3. The complexity volume Vc(G) of a ﬁnitely presented group G is the upper
limit limH∈G
Cmax(H)[G:H ] .
In order to have Vc(G)<∞, we must show that the net
(
Cmax(H)[G:H ]
)
H∈G
is bounded
above. Choose a ﬁnite, minimal graph of groups (G, Y ) with fundamental group G and
complexity Cmax(G), such that each edge group is ﬁnite and each vertex group has at most
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one end, and letX be the corresponding universal tree. IfH is a subgroup of ﬁnite index inG,
then by Lemma 3.1, the stabilizer of each vertex of X under the action of H has at most one
end, being of ﬁnite index in the corresponding vertex stabilizer under the action of G. The
contraction of each edge e ofX/H whose some endpoint is a degenerate vertex, andwhich is
not a loop, gives a minimal splitting (H, Z) ofH over ﬁnite subgroups such that each vertex
group has at most one end. Since such a contraction preserves complexity and reduces the
number of vertices, it follows that s(H)= r(Z)+ |V (Z)|r(X/H)+ |V (X/H)|. Hence,
Cmax(H)s(H)
r(X/H)+ |V (X/H)|
= |E+(X/H)| + 1
=
∑
e∈E+(Y )
|H\G/Ge| + 1

∑
e∈E+(Y )
[G : H ] + 1,
where the last inequality is a consequence of Lemma 3.1. Thus we have
Cmax(H)
[G : H ]  |E+(Y )| +
1
[G : H ] ,
which shows that the net (Cmax(H)/[G : H ])H∈G is bounded above.
The key property of complexity volume is given by the following proposition:
Proposition 4.4. Let H be a subgroup of ﬁnite index in a ﬁnitely presented group G. Then
Vc(H)= [G : H ]Vc(G).
Proof. By Lemma 4.2, we have
Vc(H)= lim
K∈H
Cmax(K)
[H : K] = [G : H ] limK∈H
Cmax(K)
[G : K] = [G : H ]Vc(G). 
Remark 4.5. Suppose G is a ﬁnitely presented group (or more generally an accessible
group) satisfying the following condition: There exists a sequence (Hn)∞n=1 of subgroups of
ﬁnite index inG such that limn→∞[G : Hn]=∞. Let (Ki)i∈I be a coﬁnal subset ofG such
thatVc(G)=limi∈ICmax(Ki)/[G : Ki]. The coﬁnality of (Ki)i∈I implies thatwe can choose
for each n ∈ N an index in such that Kin ⊆ Hn. Thus Vc(G) = limn→∞Cmax(Kin)/[G :
Kin ], where the sequence (Kin)∞n=1 satisﬁes limn→∞[G : Kin ] =∞.
Examples 4.6. (i) Let G = G1 ∗ · · · ∗ Gn be a free product of torsion-free, freely inde-
composable groups, satisfying the condition in the preceding remark. The assumption that
each factorGi is freely indecomposable implies that the splitting of a ﬁnite-index subgroup
of G inherited from the given one of G, is of maximal complexity (see the discussion be-
fore and after Deﬁnition 4.3). Therefore, if H is a subgroup of ﬁnite index in G, then by
Proposition 3.2, Cmax(H) − 1 = [G : H ](n − 1). By dividing both sides by [G : H ] and
taking the limit for [G : H ] → ∞, we get Vc(G) = n − 1. In particular, if Fn is the free
group of rank n, then Vc(Fn)= n− 1.
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(ii) IfG= G1 ∗ · · · ∗Gn︸ ︷︷ ︸
torsion-free factors
∗Gn+1 · · · ∗Gn+m︸ ︷︷ ︸
ﬁnite factors
is a free product of freely indecomposable
groups satisfying the condition in Remark 4.5, then by Corollary 3.5 and the previous
example, Vc(G)= n+m− 1−∑n+mi=n+1 1|Gi | .(iii) LetG=G1∗AG2, whereG1 andG2 are ﬁnite groups. SinceG contains a torsion-free
subgroup of ﬁnite index and satisﬁes the condition in Remark 4.5, Example 3.4 implies that
Vc(G)= 1|A| − 1|G1| − 1|G2| .
It isworth noting that in the above exampleswehaveVc(Fn)=−
(Fn) andVc(G1∗AG2)=
−
(G1∗AG2), where 
(G) is the Euler characteristic of G in the sense of [3]. The ideas in
this section are further developed in [28] for groups which split over (not necessarily ﬁnite)
subgroups.
Theorem 4.7. Let G be a ﬁnitely presented group with inﬁnitely many ends. Then:
(1) Vc(G)> 0.
(2) If H1 and H2 are two isomorphic subgroups of G of ﬁnite index, then [G : H1] =
[G : H2].
Proof. (1) We will show that limN∈NG Cmax(N)[G:N ] > 0, whereNG is the set of all normal sub-
groups of ﬁnite index inG (which is coﬁnal inG). This implies (1) sinceVc(G) limN∈NG
Cmax(N)[G:N ] (cf. Remark 4.1). Let N be a normal subgroup of ﬁnite index in G. Let (G, Y ) be a
ﬁnite graph of groups with all edge groups ﬁnite, fundamental groupG and universal tree X.
Without loss of generality, we can assume that (G, Y ) does not contain degenerate vertices.
Otherwise replace (G, Y ) by the graph of groups obtained from (G, Y ) by contracting each
edge ofY containing degenerate endpoint. In the case where all vertices ofY are degenerate,
i.e., Y is replaced by a single vertex, see Case 1 below. We consider three cases.
Case 1: The vertex groups of (G, Y ) are all ﬁnite. In this case, G has a ﬁnitely generated
free subgroup F of ﬁnite index. SinceG has inﬁnitely many ends, F has rank at least 2. Thus
Vc(G)= Vc(F )/[G : F ] = rank(F )−1[G:F ] > 0.
Case 2: The vertex groups of (G, Y ) are all inﬁnite. In this case, each vertex of X is
non-degenerate under the action of N. Therefore,
Cmax(N)r(X/N)+ |V (X/N)|
= |E+(X/N)| + 1
=
∑
e∈E+(Y )
|N\G/Ge| + 1
=
∑
e∈E+(Y )
[G : N ]
[Ge : Ge ∩N ] + 1,
where the third equality follows from Lemma 3.1. Hence
Cmax(N)
[G : N ] 
∑
e∈E+(Y )
|Ge ∩N |
|Ge| +
1
[G : N ]
∑
e∈E+(Y )
1
|Ge| .
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Since the right side of this inequality does not depend on N, it follows that limN∈NG
Cmax(N)/[G : N ]> 0.
Case 3: (G, Y ) contains inﬁnite and ﬁnite vertex groups. Choose an edge e ofYwithGi(e)
ﬁnite andGt(e) inﬁnite, and note that Y − {e} has at most two components. Let (G1, Z) be
the graph of groups obtained from (G, Y ) by contracting each component of Y − {e} to a
single vertex, and let Z˜ be the corresponding universal tree. If each component of Y − {e}
has inﬁnite fundamental group, then the arguments of Case 2 apply to (G1, Z). The same
arguments work as well in the case where each vertex of Z˜ is non-degenerate under the
action of N.
It remains to consider the casewhere Z has two vertices v1 and v2, and Z˜ hasN-degenerate
vertices. Since some vertex groups of (G, Y ) are inﬁnite, one vertex group of (G1, Z), say
Gv1 , is also inﬁnite. On the other hand, Gv2 must be ﬁnite, otherwise there would not be
N-degenerate vertices in Z˜. Also it follows easily from the normality of N in G that if a
vertex v of Z˜ is N-degenerate, then so is every vertex in the G-orbit of v. Thus each vertex
of Z˜ of the form gGv1 is N-non-degenerate, whereas each vertex of Z˜ of the form gGv2 is
N-degenerate. The fact that each subtree of Z lifts to a subtree of Z˜ (cf. [23, Proposition I.
14]), insures that there is no problem to denote by v2 the vertex of Z˜ with stabilizer Gv2
and by e the edge of Z˜ with stabilizer Ge. Now, since the vertex v2 is N-degenerate, there
is g ∈ Gv2 such that Gv2 ∩ N = Gge ∩ N = g(Ge ∩ N)g−1.These relations imply that
Gv2 ∩N =Ge ∩N . Finally
Cmax(N)r(Z˜/N)+ |Vd(Z˜/N)|
= |E+(Z˜/N)| − |V (Z˜/N)| + 1+ |Vd(Z˜/N)|
= |N\G/Ge| − |N\G/Gv2 | + 1
= [G : N ][Ge : Ge ∩N ] −
[G : N ]
[Gv2 : Gv2 ∩N ]
+ 1
= [G : N ]
( |Ge ∩N |
|Ge| −
|Gv2 ∩N |
|Gv2 |
+ 1[G : N ]
)
[G : N ]|Ge ∩N |
(
1
|Ge| −
1
|Gv2 |
)
[G : N ]
(
1
|Ge| −
1
|Gv2 |
)
,
where the third equality follows from Lemma 3.1. Hence Cmax(N)/[G : N ](1/|Ge| −
1/|Gv2 |). This shows that limN∈NG Cmax(N)[G:N ] 
(
1
|Ge| − 1|Gv2 |
)
> 0.
Part (2) follows immediately from (1) and Proposition 4.4. 
5. Fixed subgroups
Let G be the fundamental group of a graph of groups (G, Y ). In this section we show
that in many interesting cases the ﬁxed subgroup of an endomorphism (or automorphism)
of G is tame, provided that G is tame (i.e.,Y is a ﬁnite graph). First we recall the following
deﬁnition from [25] and give some examples.
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Deﬁnition 5.1. An endomorphism f ofG is said to be symmetricwith respect to the splitting
(G, Y ) if the image under f of each vertex group is contained in a conjugate of a vertex
group.
Example 5.2. It follows directly from the above deﬁnition and the fact that a free-by-ﬁnite
group is the fundamental group of a graph of groups with ﬁnite vertex groups, that each
endomorphism of a free-by-ﬁnite group is symmetric.
Example 5.3. If G = ∗ni=1Gi is a free product of n indecomposable groups (with respect
to free products), then G is the fundamental group of a graph of groups which consists of
a wedge sum of circles, one for each inﬁnite cyclic factor, and simple arcs. The indecom-
posability of Gi’s implies that each injective endomorphism of G is symmetric.
Example 5.4. LetG be a ﬁnitely presented group and let (G, Y ) be a canonical splitting ofG
in the sense of Scott andSwarup [21]. Since such a splitting is invariant under automorphisms
of G, each automorphism of G is symmetric with respect to the splitting (G, Y ).
The following proposition is equivalent to the main result of [25].
Proposition 5.5. Let G be a group acting on a tree X with ﬁnite quotient graph and ﬁnite
edge stabilizers. If f is a symmetric endomorphism of G, then the ﬁxed subgroup Fix(f ) of
f is tame.
Proof. In the proof of Theorem 1.2 of [25] it is shown that there is a ﬁnite subgraph 1 of
X/F ix(f ) such that each component C of X/F ix(f ) − 1 is a tree containing a vertex
vc which is maximal. This means that Gi(e) ∩ Fix(f ) ⊆ Gt(e) ∩ Fix(f ) for each edge e
in the geodesic from v to vc, for all vertices v of C. Moreover, if  : X −→ X/F ix(f ) is
the natural projection, then the subgraph −1(X/F ix(f )− 1) of X admits an orientation
which is preserved by the action of Fix(f ) such that in −1(X/F ix(f )−1) each vertex
is the initial vertex of at most one positive edge. Note thatX/F ix(f )−1 has only ﬁnitely
many components since 1 is a ﬁnite graph. Let pc be the geodesic in C from vc to 1. By
adding ﬁnitely many paths if necessary, we can suppose that 1 is connected. Since 1 is
a ﬁnite graph and each component C is a tree, we deduce that there are only ﬁnitely many
geodesics in C whose endpoints lie in 1. We consider the ﬁnite subgraph  of X/F ix(f )
which consists of 1, pc together with all geodesics in C whose endpoints lie in 1, for all
componentsC ofX/F ix(f )−1. First we observe that each component ofX/F ix(f )−
has only one common vertex with . To see this, let p be a geodesic in X/F ix(f ) − 
joining two vertices in , and let q be a reduced path in  with the same endpoints as p.
Since each component of X/F ix(f ) − 1 is a tree, we see that q must contain edges of
1. We write q = q1 ◦ q2 ◦ q3, where q2 is the maximal subpath of q containing edges of
1. Then, q−11 ◦ p ◦ q−13 is a geodesic in X/F ix(f ) − 1 with endpoints in 1, which
contradicts the deﬁnition of . We will show that −1() is a connected subgraph of X,
which will then imply that Fix(f ) is tame as required. Assume on the contrary that A
and B are two distinct components of −1(). Let p = e1 ◦ · · · ◦ en be the geodesic in
X− −1() connecting these two components. The geodesic p is mapped by  to a closed
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path which cannot be reduced, since each component ofX/F ix(f )− is a tree having only
one common vertex with . In particular, p does not consist entirely of positive or negative
edges. If ei1 is the ﬁrst edge in p such that(ei1)=(ei1+1)−1, then(ei1)−1=(ei1+1) is the
ﬁrst edge in the geodesic from t ((ei1)) to vc, whereC is the component ofX/F ix(f )−1
containing (p). Therefore, Fix(f ) ∩Gt((ei1 )) ⊆ Fix(f ) ∩Gi((ei1 )) and so |Fix(f ) ∩
Gt(ei1 )
| |Fix(f ) ∩ Gi(ei1 )|. On the other hand, the fact that the edges ei1 and e−1i1+1 are
in the same Fix(f )-orbit and have common endpoint implies that they must be positive.
Thus, by [25, Remark 2], Fix(f )∩Gi(ei1 ) = Fix(f )∩Gei1 . From this and the inequality|Fix(f )∩Gt(ei1 )| |Fix(f )∩Gi(ei1 )|, it follows that Fix(f )∩Gt(ei1 )=Fix(f )∩Gei1 .
Now if h is an element of Fix(f )with hei1 = e−1i1+1, then h ﬁxes t (ei1) and hence ei1 , which
gives the desired contradiction. 
LetG be a ﬁnitely presented group with inﬁnitely many ends and let (G, Y ) be a minimal
splitting of G of minimal number of vertices, such that each edge group is ﬁnite and each
vertex group has at most one end. It is shown in [26] that there is a positive integer n
depending only on the complexity of (G, Y ), such that the ﬁxed subgroup Fix(f ) of any
automorphism f of G inherits a splitting from G of complexity at most n.
Combining Theorem 2.13 with Proposition 5.5, we obtain:
Corollary 5.6. Let G be a group acting on a tree X with ﬁnite quotient graph and ﬁnite
edge stabilizers, and let H be a ﬁnitely generated semigroup of symmetric endomorphisms
of G. Then the subgroup Fix(H) consisting of the elements of G ﬁxed by all elements of H,
i.e., Fix(H)=⋂f∈H F ix(f ), is tame.
6. Chains of subgroups of ﬁnite complexity
Let G be a group acting on a tree X. If x ∈ X, [x]G denotes the G-orbit of x. For a
subgroup H of G, the covering map  : XH/H −→ X/G corresponding to H is the graph
map given by ([x]H )= [x]G.
We start by considering ascending chains of subgroups of ﬁnite complexity.
Theorem 6.1. Let G be a group acting on a tree X and let H1 ⊆ H2 ⊆ · · · ⊆ Hn ⊆ · · ·
be an ascending chain of subgroups of G such that Hi ∩ Ge = Hj ∩ Ge = K for all i, j
and e ∈ E(X) (i.e., Hi ∩ Ge is independent of the index i and the edge e). Suppose that
someHi contains hyperbolic elements, and that there is a positive integer N such that each
Hi has complexity at most N. Then the union H =⋃∞i=1Hi of the Hi’s has complexity at
most N.
Proof. First, we note thatH∩Ge=K for each edge e ofX.Wewill show that each ﬁnite con-
nected subgraph ofXH/H has complexity at mostN. LetX1 be a ﬁnite connected subgraph
of XH/H with edges [e1]H , . . . , [ek]H and non-degenerate vertices [v1]H , . . . , [vl]H . For
each non-degenerate vertex [vi]H of X1, let hi ∈ H ∩Gvi\H ∩Ge. Since XH is the union
of the axes of hyperbolic elements of H, we can choose for each edge [ei]H of X1 a hy-
perbolic element gi ∈ H whose axis contains ei . Let  be the subgroup of H generated by
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{h1, . . . , hl, g1, . . . , gk}. ThenX contains the edges e1, . . . , ek . In particular,X contains
their endpoints, including v1, . . . , vl . Since  is ﬁnitely generated, there is an index i0 such
that  ⊆ Hi0 . For each i i0, let i denote the covering map fromX/ toXHi /Hi . Since
X/ is ﬁnite ( being ﬁnitely generated), there is an index m0 i0 such that the number
of edges of m0(X/) is minimal. Choose an index m minimizing the number of vertices
of m0(X/) among all such m0.
Claim. The restriction of the covering map ∞m : XHm/Hm −→ XH/H to m(X/) is
injective.
Proof. Suppose ∞m (x˜) = ∞m (y˜), where x˜ = m([x]) and y˜ = m([y]) are edges or
vertices of m(X/). We consider the following commutative diagram of covering maps.
XΓ / Γ
XHm / Hm XHk / Hk XH / H
πm
πm
k
πm
∞
π∞k
πk
π
By commutativity, ∞m (m([x])) = ∞m (m([y])) implies ([x]) = ([y]). This
means that x and y are in the same order under the action ofH, i.e., x=hy for some h ∈ H .
SinceH=⋃∞i=1Hi , there is an index km such that h ∈ Hk . Thus k([x])=k([y]) and
hence km(m([x]))= km(m([y])) (∗). By the choice of m, the map nm : m(X/) −
→ n(X/) is an isomorphism for all nm. Thus by (∗), m([x])= m([y]), which
proves the claim. 
The vertices [v1]Hm, . . . , [vl]Hm of m(X/) are all distinct and non-degenerate, since
hi ∈ Hm ∩Gvi\Hm ∩Ge for each i = 1, . . . , l and e ∈ E(X). It follows that m(X/)
has complexity at least r(m(X/)) + l. On the other hand, m(X/) has complexity
at most N, being a connected subgraph of XHm/Hm. Thus,
r((X/))+ l = r(∞m (m(X/)))+ l = r(m(X/))
+ lC(m(X/))N ,
where the second equality follows from the injectivity of ∞m on m(X/). As X1 ⊆
(X/), we have r(X1)r((X/)), and so
C(X1)= r(X1)+ lr((X/))+ lN ,
as required.
Now if we suppose that H has complexity greater than N (may be inﬁnite), then we can
ﬁnd a ﬁnite connected subgraph of XH/H of complexity greater than N, which leads to a
contradiction. 
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Remark 6.2. The assumption in the above theorem that Hi ∩Ge = Hj ∩Ge =K for all
indices i, j and edges e ∈ E(X) is satisﬁed if each edge group is ﬁnite and the ascending
chain consists of torsion-free subgroups. The proof of the theorem works as well in the case
where G= ∗AGi and A is a normal subgroup of G.
Recall that a group G satisﬁes the maximal condition on subgroups if each subgroup
of G is ﬁnitely generated. For example, polycyclic-by-ﬁnite groups satisfy the maximal
condition on subgroups.
Corollary 6.3. Let G = ∗i∈IGi , where each factor Gi satisﬁes the maximal condition on
subgroups. If H1 ⊆ H2 ⊆ · · · ⊆ Hn ⊆ · · · is an ascending chain of subgroups, each of
Kurosh rank N , then there is an index m such that Hi =Hm for all im.
Proof. By Theorem 6.1, the unionH =⋃∞i=1Hi of theHi’s inherits from G a free product
decomposition F∗j∈JKj , where F is a free group, eachKj is a subgroup of a conjugate of
a free factor Gi , and r(F )+ |J |N . Since each factor Gi satisﬁes the maximal condition
on subgroups, eachKj is ﬁnitely generated. It follows that H is also ﬁnitely generated, and
hence there is an index m such that H ⊆ Hm. 
Corollary 6.4 (Takahasi [29]). If H1 ⊆ H2 ⊆ · · · ⊆ Hn ⊆ · · · is an ascending chain of
subgroups each of rank N in a free group F, then there is an index m such that Hi =Hm
for all im.
Next we prove the analogue of Theorem 6.1 for descending chains of subgroups in free
products.
Theorem 6.5. LetG=∗i∈IGi and letH1 ⊇ H2 ⊇ · · · ⊇ Hn ⊇ · · · be a descending chain
of subgroups in G. Suppose that there is a positive integer N such that each Hi has Kurosh
rank at most N. Then the subgroup H∞ =⋂∞i=1Hi has Kurosh rank at most N.
Proof. Let X be the universal tree corresponding to the given splitting of G. If some Hi
stabilizes a vertex, acting on X, then so does H∞. Now suppose that none of Hi stabilizes
a vertex of X. We will show that the complexity of each ﬁnite connected subgraph of
XH∞/H∞ is at most N, from which the theorem follows. Let Y be a ﬁnite, connected
subgraph ofXH∞/H∞.We consider the following commutative diagram of covering maps.
XHn+1/Hn+1
πn+1 πn
p
n
p
n–1 p2 p1
π2
π1
XHn /Hn
XH∞ /H∞
XH2 /H2 XH1 /H1. . .. . .
Claim. The map n is injective on the edges of Y for all but ﬁnitely many n.
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Proof. Suppose on the contrary that n is not injective onE(Y ) for inﬁnitely many n. Then,
since Y is ﬁnite, there is a pair [x]H∞ = [y]H∞ of edges of Y and an increasing sequence
i1< i2< · · ·< in < · · · of indices such that in ([x]H∞) = in ([y]H∞) for all n. Therefore,
for each n there is an element gn ∈ Hin such that x = gny. Since x = gny = gn+1y for all
n and G acts edge-freely on X, we deduce that g1 = g2 = · · · = gn = · · ·. It follows that
g1 ∈ H∞, and hence [x]H∞ = [y]H∞ , which is the required contradiction. 
Let m be an index such that n injective on E(Y ) for each nm. It is clear that if
[v]Hm = m([v]H∞) is a degenerate vertex of XHm/Hm, then [v]H∞ is a degenerate vertex
ofXH∞/H∞. Since the inverse image of a degenerate vertex of m(Y ) under m consists of
degenerate vertices, the number of degenerate vertices ofY is greater than that of m(Y ), i.e.,
|V (Y )| − |Vd(Y )| |V (m(Y ))| − |Vd(m(Y ))|. Thus C(Y )= r(Y )+ |Vd(Y )| = |E(Y )| −
|V (Y )|+1+|Vd(Y )|=|E(m(Y ))|−|V (Y )|+1+|Vd(Y )| |E(m(Y ))|−|V (m(Y ))|+
1+ |Vd(m(Y ))| = C(m(Y ))N . 
Remark 6.6. The theorem remains true if G= ∗i∈IGi is replaced by a group acting on a
tree X, provided that some Hi acts edge-freely on X.
In [27], Theorem 6.5 is used to show that in many cases the Kurosh rank of the ﬁxed
subgroup Fix(f ) of an endomorphism f of a free product G is at most the Kurosh rank
of G.
In the case whereG is a free group, the proof of the above claim shows that the restriction
of n to Y is an injection for all but ﬁnitely many n, thus providing a geometric proof for
the following well-known result.
Corollary 6.7 (Takahasi [29]). Let H1 ⊇ H2 ⊇ · · · ⊇ Hn ⊇ · · · be a descending chain
of free groups. If H∞ =⋂∞i=1Hi , then each ﬁnitely generated free factor of H∞ is a free
factor of all but ﬁnitely many Hi . Moreover, if there is a positive integer N such that each
Hi has rank at most N, then the rank of H∞ is at most N and hence H∞ is a free factor of
all but ﬁnitely many Hi .
Proof. Let K be a ﬁnitely generated free factor of H∞. Since K is ﬁnitely generated, it is
contained in the fundamental groupH of a ﬁnite connected subgraphY ofXH∞/H∞, where
X is a tree on whichH1 acts freely. By the comments preceding the corollary, it follows that
H is a free factor of all but ﬁnitely manyHi .AsK is a free factor ofH∞ andK ⊆ H ⊆ H∞,
K is a free factor of H and therefore K is free factor of all but ﬁnitely many Hi . 
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